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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 2608

CHARTS AND APPROXIMATE FORMULAS FOR THE ESTIMATION OF
AERCELASTIC EFFECTS ON THE LOADING COF

SWEPT AND UNSWEPT WINGS

By Franklin W. Diederich and Kenneth A. Foss
SUMMARY

Cherts and approximste formulas are presented for the estimation of
seroelastic effects on the spanwise 11ft distribution, lift-curve slope,
aerodynamic center, and damping in roll of swept and unswept wings at
subsonic and supersonic speeds. Two types of stiffness distributions are
consldered, one which consists of a varlation of the stiffness with the
fourth power of the chord and one which 1s based on an idealized constant-
stress structure. Some design considerations brought out by the results
of this paper are discussed.

INTRODUCTION

A knowledge of the spanwise 1ift distribution and of some of the
aerodynamic parameters assoclated with it 1s required for the design of
a wing structure. Under certain conditions, such as high dynamic pres-
sures, thin wings, swept wlngs, or wings designed for low wing loadings,
the spanwise 1ift distributlion may be affected to & significant extent
by aeroelastic effects in somewhat the following manner.

A wing which carries a certain 11ft necessarily deforms under that
1lift. If the angles of attack along the spesn are changed as a result of
this deformation, the 1ift carried by the wing is changed as well; in
turn, this change in 1ift ceuses a change in the deformation of the wing
and hence another change in 1ift, and so on, until an equilibrium condil-
tion is reached. The changes in the magnitude and the distribution of
the 1ift sre reflected in changes of the wing lift-curve slope, the wing
bending and rolling moments, the spanwise center of pressure of the 1ift,
end, on a swept wing, the longitudinal center of pressure. Since the
1ift produced by a glven change in angle of attack 1s proportional to the
dynamic pressure, the varlous seroelastic effects tend to increase with
dynamic pressure. In fact, for certaln wings a sufficlently large dynamic
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pressure may produce a condition of instabillty in which the change in
1ift caused by deformation is greater than the amount of 1ift required
to produce the deformation, so that a given deformation will tend to
increasse until the structure fails. This phenomenon is aerocelastic
divergence; Bince 1t involves only torslonal deformations in the case
of unswept wings, it is often referred to as torsional divergence.

Several methods are available for calculating these effects (refer-
ence 1, for instance), but since these effects depend on the structural
characteristics of the wing, which are not accurately known in advance
of its design, the relatively large amount of time required for even the
most efficient of these methods militates sgaelinst their use 1in connection
with preliminary design calculations. A need exlsts, therefore, for
means of estimating some of the more important aerpelastic effects on
the spanwise 1ift distribution quickly and with an. accuracy that is
sufficient for preliminary design purposes. - S

Charts and approximate formulas are presented in this paper for _
estimating the changes in spanwise 1lift distribution, 1lift-curve slope,
wing rolling-moment coefficient, spanwise center of pressure, and aero-
dynamic center.occasioned by aerocelastic action of swept and unswept
wings &t subsonic and supersonic speéeds. Also included are summary
charts which indicate whether the varilous aeroelastic phenomena con-
gidered are likely to affect any given design By meane of these charts
the. conventional procedure of designing a wing on the basis of certain
strength criteris, checking it for aeroelastic phenomena, snd then rein-
forcing it, when necessary, to meet the stiffness requirements imposed
by these .phenomena can often be simplified greatly, inasmuch as the
effect of-scme of these phenomena can be estimated in advance of design

The use of the charts is described in the section hesded "Calculation
of the Various Aeroelasgtic Phenomens," and some considerations involved
in the. selection of the serodynamic, structural, and geometric parameters
are discussed in some detail in the section headed "Selection of
Parameters. These two sections, as well as the sections headed '
"Illustretive Example” and "Preliminary Survey of Aerocelastic Behavior,
are likely to prove of greatest interest at a first readlng of this paper.
The various parts of the section headed "Discussion" are concerned with
the limitations of the charts, with the light they shed on such practical
design problems as the relative significance of strength and gtiffness as
design criteria, with efficient ways of stiffening a wing that is strong
but not stiff enough, and with the achievement of geroisoclinic conditions.
A brief description of the calculations (based on references 1 and 2) used
in preparing the charts is contalned in the appendixes.

(l!.

-

}

17

'y
1

A TEINNE

T



NACA TN 2608 ) 3

SYMBOIS
A  _aspect ratio (b2/s)
Ay swept-span aspect. ratio (A/cos® A)
A cross-sectional area of the (assumed) single torsion cell,
square inches

a distance from leading edge to section aerodynemic center,
fraction of chord L

a distance from leading edge of mean aerodynamic chord to
wing serodynamic center, fraction of mean aerodynamic
chord - .

b wing span, inches

b! wing span less width of fuselage, inches (b - w)

Cy wing-root bending-moment coefficient (hMr/qS@

CLw 1ift coefficient of wings alone, exclusive of fuselage

Lyy/ a5)

CIu wing lift-curve slope, per radian

CZ rolling-moment coefficient on both wings alone, exclusive

W of fuselage (Rolling moment/gSb)

CT wing-root twisting-moment coefficlent (ETr/chr)

c chord (measured perpendicular to elastic axis), inches

- Cr + C.t

€ average chord, inches —

c, section lift-curve slope, per radian

a . ‘ -
MAC mean serodynaemic chord {parallel to plane of symmetry),

inches

E . Young's modulus of elasticity, pounds per square inch
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' dimensionless parameters used in éﬁiroximaﬁe formulas for

T T NACA TN 2608

distance from leading edge to elastic axia, fraction of
chord

dimensionless moment arm of the section 1ift about the
elastic axis (e - a)

effective or aversge dimensionless.moment arﬁ

~ allowable bending stresé;:poﬁnﬁé pé} square inch

root-stiffness function

allowable .shear stress, pounds pér équaré inch

structural weight function L

angle of attack due to aeroelastic deformation

dimensionless functions'of the disténce along the span
used in spproximate formulas for angle of attack due to
aeroelastic deformation

modulus ofrigidity, pounds per square inch

wing thickness, inches

section bending moment of inertis, inchest

section moment of inmertia in torsion, inchesh

~dimensionless parameters used in approximate formulas for

dimensionless dynamic pressures at.divergence

dimensionless sweep parameter °t %Ei%ﬁ tan A

11ft of both wings'alone, exclusive of fuselage, pounds
1ift per unit distance along span, pounds per inch

bending moment about an axis perpendicular to elastic axis,
Inch-pounds

free-stream Mach number
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design load factor
rolling angular velocity, radisns per second

dynamic pressure, pounds per square foot

. Clueelcrest2 cos A>
Ly (6T,

. CIu€crst3 sin.d)
Ll (E1),

dimensionless dynamic pressure (;

dimensionless dynamic pressure <1

total wing area, square inches
distance along elastlc axis measured from wing root, inches
dimensionless distance along elastic axis (E/Bt)

distance from root to center of pressure of 1ift along
elastic axis, inches

dimensionless distance from root to center of pressure of
118t (8/sy)

seccumilated torgue gbout elastic axls, inch-pounds
thickness of most highly stressed element of skin, inches

thickness of equivalent skin which includes the material
In stringers and spar flanges, inches

distributed torque due to inertia loading, inch-pounds
per inch .

free-stream velocity, feet per second

design gross weight of airplane, pounds

weight of‘primary structure of both Vings, pounds
welght of both wings exclusive of fuselage, pounds
width of fuselage, inches

weight of primary load-carrying structure per unit dilstance
along span, pounds per inch
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lateral coordinate, inches

dimensionless lateral coordinate (J/i_)
b/2

latersl dfstance to center of pressure

angle of attack in a plane parallel to plane of symmetry,
raedlans

angle of local dihedral, radians, or spanwise slope of
normal displacement of elaestic axis

density of the material of the primary structure (or an

equivalent density in the case of sandwich construction),
pounds per cubic inch

lateral dlstance measured from wing root, inches ( - g)

dimensionlesgs lateral distance —%}-)
bt/2

. factors defined in table 1 .

ratio of lift-curve slopes- (Clug/ci;b

angle of sweepback at elastic axis
wing taper ratio (Ct/°r>
free-air density, slugs per cublc foot

angle of structural twist in planes perpendicular to
elastlc axis, radians

tip stiffness ratio ((EI).b/(EI)tcs>

dimensionless parameters used in approximate formulas for
1lift, root bending moment, and root twisting moment

constant-stress
at divergence

effective




2X

NACA TN 2608 - _ 7

g _ geometric (due to airplane attitude or bullt-in twist)
i inertia

0 ' rigid wing (for gq = 0)

r at wing root

8 structural (due to structurel or aercelastic deformation)
t at wing tip

Superscripts:

M due to bending moment

T due to torque

r due to root bending

P due to root twist

USE OF THE CHARTS AND APPROXIMATE FORMULAS
Summary of Method and Scope of Calculations on Which Charts

and Approximate Formulas Are Based

Although & detailed understanding of the method and scope of the
calculations on which the charts of this paper are based is not essential
to the use of the charts, s brief account of these matters is given,
primerily to aid in the eppreclation of the limitations of the charts.
The method 1s described more fully in appendix A.

Most of the calculations on which the charts are based were made
by the method of reference 1, which consists in solving the differential
equations descriptive of an elastically deformed wing under aerodynamic
loading by numerical methods employing matrix technigques. Treated by
this method were wings with four taper ratios A (1.0, 0.5, 0.2, and O),
two types of stiffness distributions (one proportional to the fourth
power of the chord and one dictated by constant-stress considerations),
and four values of a sweep parameter k, at several values of the

dynamic-pressure ratioc éL. Calculated for each case were the dynemic
D
Pressure at divergence and the changes in spanwise 1ift distribution,
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total wing 1ift, root bending moment, rolling moment, and spanwise center
of pressure of the lift. For the wings of comnstant chord and constant
gtiffness, calculations were &lso performed for gix values of k by s
method which is an extension of that of reference 2 and consists in
solving the differential equations exactly for these relatively simple
cases.

Two important approximetions that have been made in all calculations
are: ' '

(1) Aerodynamic induction effects at subsonic_ speeds are taken into
account by an over-all reduction of the strip-theory loading and, in the
matrix calculations, by rounding off the strip-theory loading at-the tip
{see references 1 and 2); at supersonic speeds strip theory is used, with
a small reduction at the tip for the matrix calculations.

(2) The rigild-body rotations imparted to a BWEﬁt wing by 1ts trian-
gular root portion are taken into account by a suitable choice of an .
effective root.

These assumptions were made not so much to simplify the problem ag
to make the results more generally applicable.  The most severe limitu-
tion on the use of the charts is probably imposed by the fact that
calculations have been made for only two types of spanwise distributions .
of bending and torsionel stiffnesses:

(1) stiffness ‘distributions which vary as the fourth power of the
chord, such as those of solld wings L. P 2 -

(2) Stiffness distributions associated with styructures designed for
a constant level of combined bending and torsion stress at every point
on the span, as described in gppendix B

Except for solid wings and those with geometrlically simillar cross
pections, ‘for which the stiffnesses vary as the fourth power of the chord,
the stiffness distributions of any’ given wing depend on the detailed
design of the wing and cannot be generalized easily. Conseguently, the
constant-stress concept outlined in appendix B hag heen used to estimate
stiffness distributions for some of the calculations; it constitutes an
effort to relate the stiffness of a wing to its strength on the basis of
the following assumptions: . - —

(1) The combined bending and torsional stresses are qonstant along
the span. .

(2) The structure-is designed for combined bending and torsionel
stresses. in such a manner that the sum of the ratio of the actual to the
alloweble bending stress and the ratio of the actual to the allowable
torsién stress 1s equal to unity when the margin of safety is zero.

"~
=

|
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(3) The structure is of the thin-skin, stringer-reinforced shell
type and its main features do not vary slong the span; for instance, the
number of spars and their chordwise locations are constant along the span.

(4) At the design condition the spenwise distribution of the applied
loading is proportional to the chord. '

Although root rotations of swept wings have not been teken into
account explicitly in the calculations because they vary esmong different
designs in a largely unpredicteble manner, means for taking these rota-
tions into account approximately are discussed in s subsequent section.

Selection of Parameters

Geometric psrameters.- The geometric parameters used in the analysis
are defined in figure 1. The location of the effective root indicated
in figure 1 is discussed in the section concerned with the structural
parameters. _ . ' .

Aerodynsmic parameters.- The aerodynemic parameters which enter the
analysis are the wing lift-curve slope and the location of the aerodynamic
center. Two lift-curve slopes are used at subsonic speeds: The wing
lift-curve slope CL@ is used only in conjunction with additional 1ift

distributions; for all other 1ift distributions, that is, those due to

built-in twist, due to roll, or due to aeroelastic twilst, an effective

lift-curve slope CL& is used. Approximate velues of these parameters
e

are given for subcritical speeds by the relations

A cos A
CI = CZG, c ' (l)
ZCL
A+ 2 —2;- cos A

= A cos A
CIe, T Cla :, (2)
A+ 4 —2?&" cos A

where c3 is the lift-curve slépe of the section perpendicular to the
(o4 .

guarter-chord line at a Mach number equal to M, cos A, An approximate
value is given by



CZG, 2 . - . - (3)
Vi - Mj2cos2A

Equation (1) is given in reference 3 and shown to be applicable both to
incompressible and to subcritical compressible flow, Equation (2) is
given in references 1 and 2 but without the term cza/en in the denomi-

nator. This term is introduced into equation (2) in order to extend its
epplicability to compressible flows in the same msnner as that employed
for the coefficient ‘of damping in roll 1ln reference 3.

At supersonic speeds both lift-curve slopes are approximately equal
to the effective sectlon lift-curve slope

CZCL = }4' cos A (ll.)
€ VMozcos?A -2

The ratio of the lift-curve slopes CLm' and CLCL _is defined by
e
C .
- C
Ly,

so that for supersonic speeds k i1is equsl to 1.

(5)

The local aerodynamic centers are assumed to be at & constant
fraction of the chord from the leading edge, so that their distances
from the leading edge (as fractions of the local chords) are all equal
to the distance of the wing aerodynamic center from the leading edge of
the mean aerodynsmic chord (as a fraction of the mean aerodynemic chord).
The moment arm e 18 then glven by the reletion

e; =e -'a s (6)

The lift-curve slopes and the locations of the aerodynsmic center
vary with the free-stream Mach number; hence the appropriaste values must
be used at each.flight condition for which aercelastic cdlculations are
made. For sirplanes designed to operate at subsgonic speeds, only the
highegt Mach number attainable at the hlghest dynamic pressure is likely-
to be critical from aerocelastic considerations. For alrplanes designed
to operate at supersonic speeds no such general statement can be made;
however, at a given altitude either the region of Mach numbers near the
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transition from the subsdnic to the transonic regime or the highest
attainable Mach number is likely to be critical as far as the serocelastlc
phenomena considered in this paper are concerned. (See figure 4 of
reference 1 and figure 5 of reference 2, for instance.)

The airspeeds at which the various aeroelastic phenomens are of
interest enter the calculaetions in the form of the corresponding dynamic
pressures. These dynamic pressures, Iin turn, are expressed in dimension-
less form as

2, 2
C e c s, _“coB A
q L“e 1°r 5%

oxr .
Cry crs_t3sin A
Te o — - (8)
bl (EI)r

The parameter qg¥ 18 useful in the anslysis of unswept wings, for which
torsional deformations are predominant; the parsmeter G 1s useful for
highly swept wings, for which bendlng deformations are predominant. In
general, the parameter g¥ 1is used 1ln this paper unless ey 1s zero.
The ratioc of these parameters

K = & sy (69);

"o ED, 0N (9)

is independent of the dynamic pressure and depends only on geometric and
structursl perameters. This ratio is very useful for analyzing the
aerocelastic behavior of swept wings.

Structural parameters.- For the purposes of an aerocelastic analysis,
the wing structure is characterized by the location of the elastic axis
and the magnitude and distribution of the bending and torsionel stiffnesses
(EI and GJ), as well as by the magnitude of the rigid-body rotations
imparted to the wing by its root.

The elastic axis is usually defined as the locus of points at which
normal loads.can be applied without causing the wings to twist. Such a
locus does not generally exist for practical wings; however, for unswept
wings wilthout cut-outs an axis can be determined which approximstely
satlsfies this condition. Similaeriy, for swept wings without cut-outs
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an elastic axis can.be defined for the outboard part of the wing if the wing
is considered to be ¢clamped along some such line as the effective root

shown in figure 1. In most aercelastic calculations the locus of shear
centers for both swept and unswept wlngs is assumed to be the elastic

axls. If the structure has large cut-outs which result in sudden changes

in the stiffnesses and 1n the shear center along the span, the charts of
this paper cannot be used except in a qualitative sense.

The magnitude and the spanwise distributions of the bending and
torsional stlffnesses enter aeroelastic calculetions by means of the
charts and epproximate formulas in different ways. The magnitudes, as
characterized by the values of the stiffnesses at the effective root,
have to be known in order to perform any calculastions; the distributions
are implicit in the charts. The root stiffnesses, 1f not known other-
wige, can be estimated elther from experience with similar designs, from
the results of the constant-stress concept outlined in appendix B, or
from & combinastion of the two.

The required bending stiffness at the root (El)r is proportional .
to the design load factor, the wing loading, the wing thickness ratio, the
fourth power of the root chord, the square of the swept-span aspect ratio
(A/cos2A), and the ratio of the modulus of elasticity to the allowable
bending stress, and depends on the taper ratio and on the detalled design
of-the wing (see appendix B). By means of-this relation the bending
stiffness of one wing can be estimated from thaet of a reasonably similar
wing. Or, with the constantes of proportionality mn,g and Fy given in

table 1 and appendix B, respectively, which take into account some of
the detalled design paresmeters as well as the taper ratio, the stiffness
can be estimeted directly. However, in view of the fact that these
constants have. been derived on the basis of & highly idealized structure
and loading condition they must be used with caution. The ratio of the
root bending stiffness to the root torsional stiffness can be estimated
by means of equations given 1in appendix B or, prefersbly, from experlence
with structures simller to that under consideration.

The spanwise stiffness distributions need nét be known in detail in
order to use the charts and approximate formulas. If the wing is solid
or nearly solild, or if its cross sections are geometrically similar at
all points, the charts for stiffness distributions proportional to the
fourth power of the chord are used. If the wing does not have large
cut-outs and is designed for a constant stress level, the charts for the
stiffness distributions associated with consbant stress are used. The
use of these charts tends to overestimate aercelastic effects to some
extent because, although actual wings are designed for constant siress
over most of the span, the portions near their tips sre designed on the
basis of other comsiderations, such as handling loads or minimum standard

’
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sheet thicknesses; therefore, wings tend to be stiffer near the tip than
they would be 1f designed on the basis of constant stress throughout.
This difference in stiffness is particularly large if the taper ratio

is zero.

If the wing contains large cut-outs or if, for any other reason,
the wing stliffness distribution is known to be substantially different
from a constant-stress type, the charts can be used to furnish semi-
qualitative results for the various aeroelastic phenomena by using
fictltious stiffnesses, provided the actual stiffness distribution is
knowvn at least approximately. The root stiffnesses of these fictitious
distributlons may be assumed to be the ones thet give rise to twist or
bending angles at the tip which are the same as those of the actual wing
if the bending moments or torques wvary as the square of the distance from
the tip. For. convenience, the spanwise distributiom of these fictitious
stiffnesses may then be assumed to be proportional to the Ffourth power
of the chord. On the basis of these assumptlons,

1

1 1 g
e SRR (20)
e 0

where the subscript e refers to the fictitious stiffness, and
where the integral r:Eresents the moment of inertla of the area
under the function BT plotted ageinst s¥*¥ aboubt the polnt s¥ = 1.

The fictitious torsional stiffness at the root can he obtained in the
same manner. The seroelastic phenomenas can then be estimated by use of
these fictitious root stiffnesses and the charts for stiffness distribu-
tlons proportional to the fourth power of the chord.

In the derivation of the charts the wing is considered to be clamped
at the effective root perpendicular to the elastic axis. From the data
and analyses presented in references 1, 2, L, and 5 a satisfactory loca-
tion of the effective root appears to be at the intersection of the
elastic axis and the side of the fuselage.

If the rotations at thils effective root are known as a result of
deflection tests or a detalled analysis such as that of reference 5, the
root twist due to torque and the roct bending due to bending moment mey
be taken Into account by moving the effective root inboard by the distance

as® = 2 (a1), (11)
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or

= .Mr r _

where QrT 1s the angle of twist at the root due to a root torque Ty,
and where FrM 1s the deflectlion slope at the effective rocot due %o a

bending moment M,. Since the distances As®  end Asr' may differ from
each other, some compromise between the two must be made; for unswept

wings the use of As? appears to be indicated, whereas for highly swept
wings the use of- As! is more appropriste. -

Preliminary Survey of Aeroelastic Behavior

The information contained in some of the subsequent sections has .
been summarized in.figure 2 for the purpose ofascertaining in advance of- - .. _.
more detalled estimates, iIf desired, whether the sercelastic phenomena
considered herein are likely to affect the design of the wing structure.

This preliminary survey 1s not essential to any of the further calcula-
tilons but may show them to be unnecessary in some cases.

The charts of figures 2(a2) to 2(d) pertain to wings of taper ratios v
0, 0.2, 0.5, and 1.0 and constitute plots of the dynemic-pressure param-
eter g¥ defined by equation (7) against the sweep parameter k .defined
by equation (9). These parameters contain the root stiffnesses (GJ),
and (EI),; if, when a preliminary survey of aeroelastic effects is to

be made, no imnformetion whatever concerning the wing stiffness is avail-
able, the followlng relations for g¥ and k may be used:

Oy 22(1 + M)Zcos A | o

* =il 1l
T ERE o e (13)
Fy S o MeFr . iz
A -
1+ A A S . - I
k = 5 E-nlgei T, tan A | (;h) B

Where Fpr 18 a root-stiffness parameter defined in appendix B angd o
plotted in figure 3, end vwhere 1, and Ty are defined by o
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. 5 .
_ _3nsnent - | (15a)
a ﬂ4ﬂ8ﬂ9n 1571 17
and : 1 - - o
L (S (15b)
ﬂ5ﬂ8ﬂ9ﬂl6

in terms of some of the factors defined in table 1.

Figure 2(e) pertains to wings for which the moment arm ey ie zero

and, hence, k is Infinite; with the degree of approximatlon Iinvolved
in the use of figures 2(a) to 2(d), figure 2(e) can be used for wings
with |k|> 25. This figure consists in a plot of the dynamic-pressure
parsmeter q, defined by equation (8), against the taper ratic A. If
no informetion is availsble concerning the root bending stiffness (EI),
contained in q, +the following relation may be used:

c;, (1+ ;\)3AA gin A

= Ce g '

q = (16)
EooiPrle 36864
FB S Cp Ty 19Fr

The verious lines of the charts of figure 2 designate the conditions
at which & wing designed on the basie of strength considerations alone
ie likely to encounter dilvergence or ‘spanwise shifts of the center of
bressure by various amounts; positive shifts are those toward the tip.
These spanwise shifts furnish an estimate of the increase in root bending
moment due to aercelastic actlon and an estimate of the shift in wing
aerodynsmic center, since-

AR = sin A LS5 | (17)
CMAC

Inasmuch as the parameters g*¥ and G contain the dynamic pressure,
the negative values of g% sghown in figure 2 may require some explana-
tion. The four quadrants of each of the charts of figures 2(a) to 2(4)
mey be characterized for practical purposes as follows:
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Quadrant Sweep el Divergence Shift in ' ¥y
: Imposseible beyond Inboard beyond a
1 Back Posltive a certaln sweed certain sweep
2 Forward Pogitive Likely Outboard
3 Back Negative Impossible Inboard
. Possible béyond a | Outboard beyond a
4 Forward | Negative certain sweep certain sweep

For unswept wings k 1s approximately equal to zero, and the aero-
elastic phenomena referred to in the charts of figure 2 are similar to
those of—swept wings defined by points 1in guadrant 2 if q¥ is positive
and by points in quadrsnt 3 1f
aeroelastic phenomena of unswept wlngs are'slmilar to those of swept-
forward wings 1f ey 1s positive and to those of sweptback wings if ej

The serodynamic-center shift associated with the shift in
the lateral center of pressure ¥ or in the spanwise center of pres-

is negative.

sure 8

‘q¥ is negative.

In other words, the -

is always forward, except for small positive values of k

(associated with sweep angles smaller than a certain value), in both
quadrants 1 and 4.

The significance of negative values of g¥ ié that e; is negative, 
A negative value of ey may be obtained
at supersonic. speeds, but under most conditions e; 1s likely to be posi-

Similarly, a negative value of q impiies that A is negafive

rather than thaet q 1is negative.

tive.

{(that is, that the wing is swept forward).
7

In using figures 2(a) to.2(4d), estimates must be made of either the
root stiffnesses (in conjunction with equations (7) and (9)) or of the

effectiveness factors

Mg and M

(for use in equations (13) and (14)).

The factor F, 1is obtalned from figure 3 for the Iargest value of e
likely to be encountered at the design load factor and for the given

teper ratio A.

The parsmeter g¥ 1is calculated for the combination of

dynamic pressure ¢, lift-curve slope Cp, , end moment arm e; which
e -

is 1likely to be criticsl from an aeroeléstic.pointiaf—view.

unswept wing the combination for which the product

For an .

qC]-_ueel is a meximum

is likely to be critical;'for a swept wing the combination for which
qCLae is a maximum is likely to be critical. The parameter k is then

calculated for the same value of 'el.
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The values of q¥ and k define a point on one of the charts of
figures 2(a) to 2(d) (whichever is closest to the actual taper ratilo).
If the shift in spanwise center of pressure (ana any associated shift
- in the aerodynamic center) at that point is small and, in the case of an
unswept or & sweptforward wing, if the gbsolute value of the ratio of
the value of @q¥ at that point to the value of g¥ at divergence for
the value of k at that point is small, the static aeroelastic phenomena
discussed in this paper probgbly need not be taken into account in
designing the wing structure. On the other hand, if the point on the
chart indicates the likelihood of significant aerocelastic effects on the
spanwise cemter of pressure or the possibility of an epproach to the '
divergence condition, further calculations are desirable. The charts
of this paper msy be used for the preliminary calculetions; once the
gtructure has been designed, more refined methods such as that of refer-
ence 1 may be used. )

If the moment arm e ie so small or the angle of sweep so large
that the parameter k exceeds the range covered by figures 2(a) to 2(4d),
the chart. of figure 2(e) may be used for the purpose of & preliminary
seroelastic appraisal of the glven wing. In this figure only the param-
eter § 1is required, since k is considered to be infinite. The
parameter q can be obtained from equation (16). The analysis then
proceeds in the same manner as for figures 2(a) to 2(4).

Calculation of the Various Aeroelastic Phenomena

Dynamic pressure at dilvergence.- The solutions for the divergence
speed obtained by the direct method in reference 2 and those obtained by
the numerical matrix method given in appendix A can be summarized by
approximete formulas which give the dimensionless parameters q*b and Eb

(the values of the parameters defined in equations (7) and (8) that
correspond to the value of the dynamic pressure q at divergence) in
terms of their ratio k defined by equation (9).

These approximete formulas are

K
_ 1
Q*D = —l - Kek (18)
and
K
T = - — : (19)
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When the angle of sweep is zero, equation (18) reduces to a¥%p ='Kl,_

end when the moment arm ey i1s zero, as it may be in supersonic flow,
K . L

equation (19) reduces to G =--'K§. The constants K; and K2 are

given in teble 2 for wings with taper ratios of 0, 0.2, 0.5, and 1.0,
for both types of stiffness distributions; the paremeter g¥p for

unswept wings and the parameter Eb for swept wings with e, = 0 are
plotted in figures 4(a) and 4(b), respectively, against the taper ratio A.

With the values of gq¥; or Ty given by equations (18) and (19)

and the definitions of these two parameters given by equations (7)
and (8), the values of g required for divergence may be determined. If
desired, the corresponding airspeed may be determined from the relation

Ve =\ /D
D-\/;7§

The value of 9, is often negative for sweptback wings, and since

& negative dynamic pressure does not correspond to any real speed, these
wings cannot diverge. These negative values of 9p; nonetheless, are

useful as reference values in other aeroelastic phenomens.

The values of the constants Kl and K2 given in reference 2 differ

somevhat from the corresponding values resulting from the matrix solution
in appendix A. The matrix results are probably more significant because
they are based upon more realistic aerodynamic assumptions; the X, and

K, values in reference 2 tend to give conservative resulfs.

The value of L)) calculated for any given value of q*b or Eb
depends on the value of the effective lift-curve slope CLm or czae
e

and, hence, on the Mach number.  As suggested in references 1 and 2, the
value of = qp calculated at various Mach numbers mey be plotted against
Mach number. If lines of the actual dynamic pressure at several altitudes
as a function of Mach number are drawn on the same plot, an intersection
of the divergence line with one of the lines of actual dynamic pressure
designates posgible divergence at that value of dynamic pressure, Mach
number, and altitude. If this plot 1s on log-log coordinates, the lines
of actusl dynsmic pressure are straight and the ratio of the dynamic
pressure at divergence to the actual dynamic pressure st a given Mach
nunmber and altitude can be scaled off directly. (See references 1 and 2.)

1
&

|

1
Hiy
il
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Spanwise angle-of-attack distribution.- In appendix A, an approxi-
mate expression is determined for the change in angle of attack due to
wing flexibility. TFor the additional-type anglé-of-attack distribution
(ag is constant) the angle of attack due to structural deformation ag

is given by

Ty _ 1 a/9p
D

The functions fl and Afl, which depend on the spanwlse coor-

dinate 8%, and the function F;, which depends on the parameter Kk,

are given in figure 5 for swept wings with taper ratios of 0.2, 0.5,
and 1.0 and with the two different types of stiffness distributions.
For wings with zero taper ratioc the structural deformation cannot be
obtained from equation (20), ag 1g polnted out in appendix A. However,

the ratio K——- as a function of the spanwise coordinate s¥ dis shown

“g
in figure 6 for the two different stiffness distributions, several wvalues
of q/qD, and several values of the parameter k.

The spenwlse distribution of ag due to a linear twist ,(ag = s*mst),

which may be either symmetric or antisymmetric, is approximately

o o/ qp |
= — £ Fo OF (21)
R %( 2 *¥o 2)

where the functions fo, Afy, and Fo are given in figure 7 for wings

of taper ratios 0.2, 0.5, and 1.0. The angle-of-attack ratio is shown
in figure 8 as a function of s¥%, q/qD, and k for wings of zero taper
ratioc. ' -

The results of equations (20) and (21) msy be superimposed. For

example, if the spanwise distribution of ag due to rolling 1s to be
found, these equations must be added in such proportion that

o4 =y*PE

But

¥
]
o'|%
+
|=
o
*
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so that

o:.g=<l--—1"1+]—:’--I—Er’")'PB C (22)

where pb/EV is the angle of attack at the tip due to roll. The T
distribution of ag due to roll is then :

:_;i - _;%[ ( - %’) (2 + 7y oy ) + %’—(fe * T Afgﬂ (23)
oV %

Spanwise 1ift distributions.- If desired, the 1lift distributions
can be obtained for the angle-of-attack distributions given in the
preceding section by one of the commonly used methods of calculating
spanwise 1ift distributions, such as thaet of reference 6. However, the
following method is simpler.

Within the framework of the assumptions made in the analysis the
1ift per inch of span is propor'tional to0 the local a.ngle of attack, so
that

%=1+K§§  (2ha)

for geometrical angles of attack which are constant along the span, angd

a
Z_Z- =1+ ?gt- g‘i- (24b)
o g8 84
for geometrical angles of attack due to linear twist, where Kz and
g

Qg /agt .are obtalned as indicated in the preceding section. If no better
approximetion is availeble for the rigld-wing (q = 0) loading 15, it

mey be estimated from the relation
o & CI‘Ochctg ' (25a)

for geometric angles of attack which are constant along the span, and
from

g » Cluecqa,g : (25p)

for all .other geometric angles of attack.
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Lift and moment coefficients.- The wing 1ift coefficient ch’ the

wing-root bending-moment coefficlent Cg, and the wing-root twisting-
moment coefficlent Cqp mey be obtained in terms of their respective
rigid-wing values by means of the following approximate expresgsions:

c 1-3(1 -
Ly % '
gt = (26)
LW‘Q 1 -2
%p
. 1oL - )
e R (27)
Bo 1-9
dp
1- él(l - Tv)
S (28)
CTg 1-3
9

where the coefficients v, K, and 7T depend on the type of loading.
The subscript 1 is used for additional-type angle-of-attack distributions
end the subscript 2 for linear-twist-type angle-of-attack dlstributions.
The coefficients Vis Hqs and T, &are given in figure 9 as functions

of the parameter k for wings of taper ratios 0.2, 0.5, and 1.0. The
ratios of the 1ift, bending-moment, and twisting-moment coefficients to
thelr respective rigid-wing velues are given in figure 10 as & function
of q/qD for severael values of the paremeter k when the taper ratioc

is zero. The values of Vy, Ko, ‘and To are glven in figure 11 for
wings of taper ratios 0.2, 0.5, and 1.0, and ratios of the lift, bending-
moment, and twisting-moment coefficlents are given in figure 12 for wings
of zero taper ratio. The addltionsl-twist and linear-twlst results of

equations (26) to (28) may be superimposed in the same way as those of
equations (20) and (21).

The wing rolling-moment coefficlent CZw is defined &s the rolling

moment of the loads on both wings about the fuselage center line divided
by qSb. Therefore,

W
_ 2M,. cos A+ QTr sig.A + ) Lw

) et (29)

Ci



The angle-of=sttack distribution due to rolling given in equation (22)

must be used in finding the values of M., T,., and Iy 1in equation (29).

Spanwlse centers of pressure and aerodynamic center.- The spanwise
location of the center of pressure is given by the dilstance

C

§=12—’6£ (30)
Ly
or the dimensionless distance
g% = fiL . ' _ (31)

‘Ly

(Inasmuch as n* is equal to 8% by virtue of the definitions of those
dimensionless quantities (see also fig. 1), equation (31) can be con-~
sidered to be an expression for n* rather than E*, if desired.) With
the values of the bending-moment and 1ift coefficients given in the
preceding section, the ratio of B to its value for the rigid wing may
be calculated from elther of the equations

5_1-%(1-“”
®o 1-%(1-\;)
and . e, i o B, .- > (32)
_ALE:-VQ%-(M-H
% 1= 1) | J

where W, and V, are used for constant geometrical angles of attack
and My and Vg, for linearly verying geometrical angles, of attack.

The shift due to aeroelastic action of the longitudinal position of
the center of pressure assoclated with a given shift of the spanwise

center of pressure, AS = § - 8y, 18 equal to sin A AS. The shift in
aerodynamic center (positive when rearward, or stabilizing) can con-

sequently be calculated by substituting into equation (17) the values
of AE obtalned from equation (32) with values of -p; and Vv;.
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Inertia effects.- No charts are presented in this paper for the
effects of inertia on quasi-static seroelastic phenomena, that is, aero-
elastic phenomena associated with flight at constant acceleration; the
manner in which mass 1s distributed veries so widely among different

wings that preparation of a generally appliceble set of charts for inertia

effects appears to be impractical at present. Furthermore, except for
flying wings, the wing deformations due to inertias loads are small com-
rared with those due to aerodynamic loads, the two types of loads being
in gbout the same ratio as the wing weight to the weight of the entire
airplane. If desired, however, inertia effects and the aeroelastic
increment in these effects can be calculated in the manner described in
the following paragraphs.

From the known or estimsted mass distribution of the wing the
inertis load iy bper inch of span and the inertie torque ty per inch

of span can be calculated for any given normal, pitching, or rolling
acceleration. Substitution of these loads and torques for the terms 1
and lejc in equations (A3) or (A36) and equations (A2) or (A35),
respectively, yields the values of the accumilated bending moment and
torque due to the distributed inertia loads and torques. In turn, sub-
stitution of these accumulated bending moments and torgques in equa-
tions (Ak), (A5), and (4A6), or in equations (A37) and (A38) and the
matrix equivalent of equatlon (A6), yields the angle-of-attack distribu-
tion due to the deformations caused by the inertia effects associated
with the given accelerstion.

This angle-of-attack distribution can be considered as a geometrical
angle-of-attack distribution. For the purpose of calculating the incre-
ment caused by aeroelasgtic action, this distribution can be approximated
by a linear-twist angle-of-attack distribution with a value at the wing
tip which is such that the moment sbout the effective wing root of the
areg under the linear-twist distribution equals the moment of the area
under the calculated angle-of-attack distribution due to inertias effects.
(The moment, rather than the area, is suggested as a basis of correlation
because the angles of attack near the wing tip are more important in
aeroelastic phenomens than those at the wing root.) The Jjustificetion
for thils rather arbitrary epproximation to the angle-of-attack distribu-
tion is as follows: As previously mentioned, the wing deformstions due
to inertias loads are likely to be small compared with those due to aero-
dynamic loads; furthermore, the correction to be applied to these deforms-
tions as a result of aeroelastic action 1s usually small compared with
these deformations and, hence, is very small in compsrison with the total
wing load, so that the correction need not be calculated as accurately
as the correction.for aercelastic effects to the rigid-wing 1ift
distribution.

The angle of attack due to structural deformstion Ty assoclated with
the linear-twist distribution can then be obtained from equation (21) and
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figure 7 or, if A = 0, from figure 8. The 1ift distribution associated . _X .
with the total angle-ofiattack distribution due to.the deformations caused

by the inertis effects, including the increment in this angle-of-attuack
distribution produced by aseroelastic action, can then be found from equa-

tion (24b), in which Cgr gy s and 1y pertain to the calculated angle- ~

of-attack distribution due to the inertis effects.(not the linear approxi-
mation to this distribution). This 1lift distribution can be integrated N
to obtain the 1ift, bending moment, rolling moment, and aerodynemic-center
position due to irertia effects, as modified by mercelastic action.

The 1ift snd rolling moment calculated in this manner may then be
combined with the 11ft and rolling moment for steady level or rolling N
flight calculated by the method outlined in the preceding sections. For
instance, if the contributions of the taill and the fuselage to the alr-
plene 1ift can be_neglected, the wing 1ift can be written as L

n(¥ - W) = 3jp Crg 08 + @:‘)n - s

a . - : iy . .\_'
where <§?E is-the total normsl fofrce per umit Joad factor due to ipertia.
n s . . - e . . PR — . . . . . P e

effects, including aeroelastic effects; it i equal to -Ww plus the 1ift .
on.both wings due to inertia effects, as modified by aercelastic actiom,
per unit load factor. and is almost always negative. In the preceding

equation CL@ is 8 wing liftecurve slope which_;ﬁcludes static'aerof: _
elastic effec%s and is equal to (i, multiplied by the factor on the right
gide of equation (26). Then : - S R e e oo

Cr agS : T
n = 1 ) 1 LCL.S B . =
bl 1 1 Im) W - Wy

- w - WW an S ' o e

Cro 048 =

1o, = S

14 W - W, -

where — L . Lo T s . . _ __“_.f

1 ..

C — ' C -
LOf‘s,:l. 1 EEE LO~zai ¢
W - Wo\on /g x

is & wing lift=curve slope which includes static aercelastic effects, - s
inertia effects, and aeroelastlc modification of the inertla effects. -
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Tllustrative Example

The parameters of a swept wing, which differs from the wing of the
illustrative example of reference 1 only in the width of the fuselage to
which it is attached, are given in table 3. The values of As? and

ABF were caléulated from the dimensionless root-rotation constants used
in the exemple of reference 1, Q$T =0 sand QPM = -0.25, by means of

the relations

AscP

Spp¥e
Ast = Qe

where w,, as defined in reference 1, 1s the distance along the span

between the effective root and the innermost complete section of the
torsion box perpendicular to the elastic axis. In the wing of the
illustrative examples of the present paper and of reference 1, w, 1s

20 .4 inches. These relastions for As?  and Aﬁr can be obtalned from
equations (11) and (12) of the present paper in conjunction with the
definitions of the root-rotation constants given in equations (l5a)
and (15d) of reference 1; in the notation of the present paper the
definitions are:

VA"
ve/(GI) o

I,I'M/ M.

. QPM We/(EI)r

The stiffness 1s assumed to vary as the fourth power of the chord in
the example of the present paper.

The subsonic and supersonic values of the parameter k were
calculated from equation (9). By means of appropriate values of the
constants K; and Kp taken from table 3, the values of g¥, were

calculated from equation (18) and included in table 3. From these values
of q*D, the subsonic and supersonic dynsmic pressures at divergence were
found through the use of equation (7) and are given in table 3. These

values of dp  vary as the reciprocal of the effective lift-curve slope,
the corresponding values of ey belng assumed to remain constant.
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In order to find the angle-of-attack distribution for additional-
type loadings from equation.(20), the values of F; and of the func-

tions fl and Af were taken from figure 5( ). The spanwise change

in angle of attack is shown in figure 13 for different values of the L
dynemic-pressure ratio. o S T

The values of V;, " 7 , and p,; were obtained from figure 9(c) .

and substituted into equations (26), (27), and (28) The wing 1ift -
coefficient, wing rolling-moment coefficlent, and spanwise center-of- e =
pressure ratios, as well &8 the shift in aerodynamic center, were calcu- : L
lated by use of these approximate equatlons in conjunction with equa- | o
tions (17) and (29) and are shown in figure 13 as functions of the
dynamic-pressure ratio —L. _ L L .- e

r— . . PRI - L mams o el

DISCUSSION ' T

Limitations of the Charts and Approximate Formulas . oL

The charts and the approximate formulas presented in this paper
are subject to certain limitations as a result of the approximations - L
made 1n the calculations on which they are based. These limitations -
take the form'of resftrictions on the plan form, on the speed regime, and
on the wing structure. The results obtalnable by the use of the charts
are likely to be unsstisfactory for.wings of very low aspect ratioc or e
very large sweep and relatively unsatisfactory for wings of zero taper . e
ratio. . - : e oL e e o -

Wings of low asgpect ratilo are ruled out on three counts: (1) the
extent to which serocdynamic forces are overestimated in replacing the
wing by one with an effective root and tip is larger for winge of low
aspect ratio than for wings of high aspect.ratio, (2) elementary beam
theory 1s unsatisfactory for calculating the deformations of wings of
very low aspect ratio (becduse the effects of end constraint; shesr.lag,
shear deformation,-and bending-torsion interaction are more important
when the aspect ratio is low), and (3) the assumptions made concerning
the 1ift . distribution of the wing are more nearly true for wings of high
than for those of low aspect ratio. =~ - . B T

For wings with very large angles of sweep, also, the use of an
effective root and tip introduces relatively large errors in the aero- A
dynamic forces.. Furthermore, the root rotations neglected in the calcula-
tions (bending rotation due to torsion and twist due %o bending) are i
likely to be Important for wings with large angles of sweep. R
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The aerocelastic analysis of wings with zero taper ratlo entaills
certain mathematical difficulties which do not arise in the case of wings
with nonzero taper ratio. The stiffness of such wings is zero at the
tip and very low near the tip, so that the boundary conditions for ¢
and I given by equations (AlOa) to (Al1O0c) in appendix A are indeter-
minate. - As a result of the relatively large values of the reciprocal of
the stiffness near the tip, the numerical-integration methods used in the
matrix calculations are less acc¢urate. These difficulties also occur in
other methods of solving the aeroelastic equations, such as energy methods.
Furthermore, the: gtructural behavior near the wing tip is not represented
adequately by elementary beam theory. Finally, that the aseroelastic
resulte celculated for wings of zero taper ratio are not as reliable as
those for other wings is evidenced also by the fact that they do not
lend themselves to systematizatlon by means of approximste formulas, as
do the asercelastic results calculated for other wings.

As a result of these considerations one type of plan form of recent
interest, the delta wing, is seen to be unsuitable for aeroelastic
analysls by means of these charts because it has a low aspect ratio, a
large angle of sweep, and zero taper ratio.

In order to use the charts two aerodynamic parameters must be known
for any given case, the effective wing lift-curve slope and the section
serodynamic center. From an serodynamic point of view the charts of
this paper may be used in almost all cases for which these quantities are
known. The exceptions stem from the fact that the spanwise distribution
of the 1ift is assumed to be proportional to the chord, and the distance
from the section aerodynamic center to the elastic axis (as a fraction
of the chord) 1s assumed to be constant along the span. These assumptions
are not valid for wings with large angles of sweep and wings of low aspect
ratio, as implied previously. They are also invelid to a greater or
leasser extent for most wings in the transonic region. Consequently, even
when the lift-curve slope and the section aerodynsmic center sre known,
any results calculated for transonic speeds must be used with caution.

Another serodynamic assumption implied in the charts is that no
concentrated aerodynamic forces, such as those due to a tilp tank or
nacelle, act on the wing. Relatively small nacelles in the Inboard half of
the span can probably be ignored for the purpose of an aeroelastic analysis
at the preliminary design stage. However, large tip tarks camnot usually
be ignored even in a preliminary serocelastic analysis; the aeroelastic
phenomena may in such cases be greatly underestimated by calculations
made with the charts of this paper.

The assumptlon concerning the applicebility of elementary beam
theory to the calculation of wing deformations due to aercelastic action
serves to restrict the wings that can be analyzed by means of the charts
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to those :of moderate or high aspect ratio, as stated previously Neglect
of chordwise bending (elastic camber) effects in the calculations on
which the charts are based serves to impoge & lower limit on the thick-
ness of -the wings for which the charts may be used. Whether this limit
is within the region of practical thicknesses is Questionable, however.
The divergence tests of reference 2, which were performed on flat plates
of moderately high aspect ratio and with & thickness of 2.5 .percent,
showed no obvious chordwise-bending effects, although the relatively
small differences between the megsured and calculated divergence speeds
may have been due in pasrt to such effects.

As mentioned previously, for wings with taper rstios between O
and 0.2 the results of aercelastic calculations are likely to be rela-
tively unrelieble. For taper ratlos greater than 0.2, the stiffness of
actual wings tends to be gréater near the tip than that given by the -
constant-stress criterion; consequently, any given aercelastic effect is
likely to be somewhat less than that calculated on the basis of a .
constant-stress atiffness ﬁistribution, but much larger than that calcu—
lated on the basis of & distribution.

If a given structure contains large cut-outs which give rise to
discontinuities in the stiffness distributions, equation (10) can be
used to calculate a fictitiocus root stiffnéss to be used in conjunction

with charts for ch -type stiffness distributions, provided the magnitudes
of the discontinuities are known or estimable. T

Use of the charts of this paper 1s premised on the assumption that
the elastic axis is at an approximately constant fraction of the chord.
If the location of-the elastic axis varies somewhat along the span, the
use of an average Value tends to give satisfactory resulte for the aero-
elastic phenomens of swept wings; for unswept wings, however, the results
obtained on the basis of this approximation have to be used with caution.
If the elastic axis exhibits gbrupt shifts along the span as a result of

large cut=outs or for other reasons, the charts should not be used, except

possibly for moderately or highly swept wings. This restriction is
mitigated to a certain extent by the fact that en abrupt shift in the
locus of shear centers does not necessarily imply an equally large or
equally ebrupt shift in the elastic axis.-

Relation between Strength and Stiffness as ﬁésign Criteria

The strength of a structure is its abllity to withstand applied
loads without failure; the stiffness of a structure ig 1ts ability to
deform relatively little under the applied loads.. The two terms are
related (a fact which forms the basis of the constant-stress type of
stiffness distributions used in this paper) but are not synonymous.
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The problem of when to design for strength and when to design for stiff-
ness and the related problem of how to design a wing for stiffness when
required to do so _have been recognized for a long time. Because of the
complexity of these problems no generally satisfactory solution exists
at present, but the charts presented herein shed a certain amount of -~
light on the problem insofar as stiffness requirements occasioned by the
aeroelastic phenomena considered in this paper are concerned.

The charts of figure 2 indicate the extent to which & wing is likely
to be affected by aeroelastic phenomens; that is, how far it is from
divergence and how much its spanwise center of pressure is likely to
shift as a result of serocelastic action, provided the wing is designed
on the basis of strength considerations alone. If the margin against
divergence is too small, or if the spanwise center of pressure and the
associated shift in the aerodynamlic center are deemed excessive, the
wing has to be stiffened beyond the amount associated with the required
strength. The charts of figure 2 therefore serve to delimit the regions
in which a wing can be designed on the basis of strength considerations
alone and those in which stiffness considerations predominate, at least
to the extent of satisfying the stiffness requirements associated with
the deroelastic phenomens considered herein. .

The bending moment of inertia required by considerations of strength
alone for the root sectlon of & wing is directly proportional to the
design load n(W - Wy), to the spanwise coordinate of the center of pres-
sure, and to the wing thickness at the root snd is inversely proportional
to the sllowable bending stress FB' Alternstively, this bending moment

of inertia may be considered to be proportional to the design wing
n(w - W)

loading -———75————, to the squaré of the wing area, to the wing thickness
ratio at the root, and to a function of the taper ratio (which is zl_i;g%g
L+

1f strip theory 1s assumed to apply); this bending moment of inertis is

inversely proportional to FB and independent of the aspect ratio. These
relations for the bending moment of irertia required by considerations of
strength alone must be kept in mind in the following discussion of the
bending moment of 1lnertis required by considerstions of stiffness.

In general, a wing with a high value of g% (see equations (7)
and (13)) is most likely to be affected by aeroelasticity (see fig. 2)
and, for a given value of g¥, swept wings are much more likely to be
affected by aeroelasticity than unswept ones. (See fig. 2 and equa-
tions (9) and (1k).) Consequently, the following wings are most likely
to be subject to aeroelastic phenomena, provided they are designed on
the basis of strength considerations alone:
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(1) Wings designed for s high flying speed or high dynamic pressure
(2) sSwept wings

(3) Thin wings

(4) Wings designed for a low wing loading

(5) Unswept and moderately swept winge with an elastic axis rela-
tively fer back on the chord or likely to fly in a condition in which
the section serodynamic centers are relatively far forward on the chord

(6) Wings operating at a Mach number at which the lift-curve slope
1s relatively high.

For given wing loadings and given wing areas, some seroelastic
phenomens, of wings designed on the basls of strength considerations alone
appear to be substantlally unaffected by changes in the taper ratio - for
instance, the spanwise shiftt of the center of pressure and the dynamic
pressure required for divergence. (In the case of the dynamic pressure
required for divergence, the parameter g¥; (fig. %), the root stiffness,

and the root chord decrease with increasing taper retio, and the net effect
of taper is small.) On the other hand, the change in the 1ift due to
aeroelastic action 1is more semnsitive to the taper ratio; it is more
significant for wings with high taper ratio than for wings with low taper
ratioc. ’

The effect of aspect ratio on aerocelastic phenomena tends to be
small for unswept wings of-a given wing area, because these phenomensa
are determined largely by the magnitude of the parsmeter g%, which is
independent of the aspect ratio for a given wing area. For the asero-
elastlic phenomena of highly swept wings, however, the parameter T is
more significant. - This parameter is proportionsl to the swept-span _
aspect ratio for wings of a given area. Consequently, with a given wing
area, taper ratioc, and design wing loading, the aerocelastic effects of
swept wings tend tc be more pronounced for winge with high aspect ratio
than for those with low aspect ratio. This statement is particularly
true for the shift of the aerodynemic center, because & given spanwise
shift. of the center of pressure results in a much greater chordwise shift
in the case of a swept wing of high aspect ratio than in the case of a
swept wing with low aspect ratio. :

Structural Weight Associated with the Required Stiffness
When a given wing has been. shown to be subject to undesirably large

aeroelastic effects (by means of the charts of this peper or by any
other method), the problem arises how to distribute the additional required



NACA TN 2608 . o S S 31

gtiffness. If, for instance, the pressure on an unswept wing is within
10 percent of the dynamic pressure required for dlvergence and a mergin
of 20 percent 1s desired, an increase of 10 percent in the torsional
stiffness along the entire span will produce the desired result. The
question remains, however, whether structural weight can be saved by
increasing the stiffness more than 10 percent in some places and less in

others.

Some insight into this problem may be gained, at least Iinsofar as
the serocelastic phenomena congldered herein are concerned, from aero-
elastic and weight calculations that have been made for a family of
somevwhat arbitrarily selected stiffmness distributions which differ from
the distribution required by the constant-stress criterion. The ratlos
of the local stiffnesses to those associated with constent stress are
shown at the top of figure 1lLk. The structural-weight factor Fy 1is
shown for'two of these stiffness distributions as & function of the taper
ratio. The function F, is proportionasl to the weight Wy of the
primary loasd-carrying structure and depends on the manner in which the
wing stiffness and thickness are distributed elong the span. (See
appendix B.)

The results of the sercelastic calculetions for wlngs with taper
ratio 0.5, constant wing thickness ratio h/c along the span, and these
two stiffness distributions are included in teble 2 and figures 5(b),
7(p), 9(b), and 11(b). The designation "excess strength" in these .
figures refers to the stiffness distributions increased over the constant-
stress requirement, as shown in figure 1k, with & value of w = 2.0. The
results of the aeroelastic calculations for the stiffness distributions
decreased below the constant-stress requirement to a value of ® = 0.5
are the same as those for the constent-stress stiffness distributlons for

(n/c)
wings with verying wing thickness ratio; that is, TE;ETE = 0.5.
. * r

The results of the welght calculations and the aerocelastic calcula-
tions may be combined in several ways. The dynamic pressure at divergence,
for instance, can be varied by changing the bending and torsional stiff-
nesses uniformly along the span, by leaving the stiffnesses at the root
unchanged and varying the stiffness distribution in a manner similar to
thet: indiceted at the top of figure 1k, or by a combination of the
processes. A specified dynamic pressure at divergence can therefore be
obtained as the result of severel combinstions of root stiffnesses and
stiffness distributions. Figure 15{(a) consists in essence of a plot of
the structural welghts associated wlth varlous combinations of this
type against the tip stiffness ratio w for a specified dynamic pres-
sure at divergence. This figure indicates that the least weight is
assocliated with values of the tip stiffness ratlo greater than 1.



Similarly, figures 15(b) and 15(c) consist in essence of plots of the
structural weights associated with various combinatlions of root stiff-
nesses and stiffness distributions required for shifts of +10 percent
in the spanwise cepter of pressure at a specified dynamic pressure.
Figures 15(b) and 15(c) also indicate that the structural welght is
leagt for values of the stiffness ratio w greater than 1.

The silgnifilcance of figure 15 is that, if a given wing designed on

the basis of strength alone needs to be stiffened for aercelastic reasons,

most of the stiffening material should be added in the outboard reglons,
provided the weight of the material other then that of the primary loed-~
carrying structure i1s unaffected by the stiffening process. In fact, on
the basls of aercelastic consideratione alone, weight might be saved in
some cases by removing materisl from the root and adding material at the
tip; needlese to say, however, strength requirements would be violated
by this procedure. Just where the material should be added in the out~
board regions cannot be sald on the basis of the calculations made for
figure 15, slnce these calculations assume any moaifications +to the
constant-stress stiffness distributions to be made as indicated at the
top of figure 14. However, it appears unlikely that great weight .savings
can be had by using'modifications which differ substantially from those
of figure 14. R =

The Aeroisoclinic Wing

The term "seroisoclinic" refers to winge vwhich deform under an
aerodynamic load in such a fashion that the angles of attack of all
gsectione relative tc the free stream remain Junchanged. Such a wing has
the asdvantage that 1lts aerodynemic loads do “not change under aercelastic
action elther in magnitude or in distribution; its aerodynamic center,
for instance, 1s unchanged, and the wing cannot diverge. The achievement
of such "section aeroisoclinicism” ig very difficult and can be reslized
only by separate variation of—the bending and torsion stiffnesses; even
80, the aeroisoclinic condition obtains for only one type of aerodynamic
loading condition at one Mach number. However, an over-all type of
aeroisoclinicism in which bending and torsion action tend to cancel for

the wing as a whole 1s relatively easy to achieve. This over-all type has,

for practical purposes, the same advanteges es sectlon aercisoclinicism,
in that the aercelastic phenomena considered in this paper tend to be
negligibly small for such a wing.

As may be seen from figure 2, at a small positive value of the
parameter k +the values of the parameter g¥ for divergence as well as

those for given shifts in the spanwise center of pressure tend to infinity.

This particular valué of k represents aerolsoclinic wings in the over-

all sense; from equations (18) and (19) it mey be seen to be the reciprocsl'_-

of the value off K, given in table 2. Hence, from the definition of k



NACA TN 2608 ' _ 33

(equation (9)),

s (@)
t r I S
ey (ED), WA =g (33)

with the implication that the distributions of the stiffness are of
either the ¢ or the constant-stress type and that K, pertains to

either of these types and to the appropriate taper ratioc. Egquation (33)
indicates that, for a given plan form with assigned values of s8¢, cp,
and A, +the disposeble parameters for the achievement of aeroisoclinicism
are the elastic-axis locatlion e, which enters into the parameter eq,

and the root-stiffness ratio Tﬁf%zi the aserodynamic center is not under
T .

the control of the designer.

A decrease in the torsional stiffness can sometimes be effected
without decrease in the bending stiffness or impsirment of the strength
characteristics of the wing, and over-all aeroisoclinicism may be achieved
in this manner for sweptback wings. Or, if aerolsoclinic conditions are
considered at the outset, a wing can be designed with the elastic-axis
location relatively far back (in the case of a sweptback wing) or forward
(in fromt of the aerodynamic center, in the case of a sweptforward wing)
in order to achieve aeroisoclinicism. However, the fact that only certain
types of aeroelastic phenomena asre considered in this paper must be kept
in mind. Locating the elastlic axis far back or decreasing the torsionsal
stiffness, for instance, may lead to flutter difficulities, the solution
of which msy require excessive mass balancing of the wing as a whole.

Relation of Charts to Design Procedure

The first step in the design of a wing structure, once the wing
geometry and the over-all airplane characteristics have been decided
upon, usually consists of a rough apportioning of structural material
along the span in a menner intended to satisfy strength requirements
approximetely. At a later stage in the design procedure the structure
is checked for seroelastic effects and modified, 1f necessary. The
modifications are then checked again, and sc on, until both stiffness
and strength requirements are met with what is believed to be a near-
optimum structure from weight considerations. The charts of this paper
mey be used to facilitate the procedure at several stages.

At the very outset, the preliminsry-survey charts can be used to
esteblish some over-all seroelastic characteristics of the wing structure
that would be obtained by designing the wing for strength alone. If
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these ‘characteristics are_satisfactory, the desién of the wing structure
can proceed on the basls of strength requirements alone. The filnal . —

design can then be checked for the aeroelastic effects considered in this P
paper by means of the charts contained herein, and for other aercelastic
effects, such as flutter and loss of lateral control, by equally approxi- -

mete methods. However, if the preliminary survey indicates that a wing
designed on the basis of strength alone would be unsatisfactory from
consideration of merocelasticity, sufficient additionsl stiffness may be
incorporated in the preliminary design stage, provided the taper ratio T
does not differ greatly from 0.5 and the wing thickness ratio is constant g
elong the span. TFor instance, the preliminsry-survey charts may Indicate '
a shift in the gpanwilse center of pressure which gives rise to a shift

of 4 percent in the aerodynsmic center, whereas the desired meximum shift
is 2 percent, so that the spanwise shift must be reduced to 50 percent of
that indicated on the preliminary-survey chart. The shifts in the span-
wise center of pressure for a wing with increased stiffness at the tip
(the "excess strength" case, for which w = 2.0) and for a wing with
decreased stiffness at the tip (?he wing with w = 0.5, for which the

. (n/e) :
regults of the case of TE7ETE = 0.5 mgy be used) can then be obtained

SE

from figure 9(b) and equation (32), in conjunction with the value of the .
dynamic pressure at divergence estimated from equation (18) or (19). The e
fact that the wings with ® = 2.0 and o = 0.5 have different dynamic ' T
pressures at divergence than does the constant-stress wing must be kept
in mind. . T

- =
From the shifts of the spanwise center of pressure calculated in -
this manner the value of ‘@ for the desired spanwise shift can be el
obtained by interpolation and, hence, the approximete magnification .- n
factors to be applied to the stiffness distribution for constant stress )
can be obtained from the chart at the top of figure 1h4. Estimates for
the other sercelastic characteristice considered in this paper can then
be obtained for the wing with this modified stiffness distribution by
interpolating between the results gilven for these characteristics for =
. wings with o = 0.5, 1. O, and 2.0; that is, for the cases referred to,  .__ =
respectively, as - o
(h/c)t o A . 4 et
- 0'5 . -
Zh7c)r
(h/c)t _ l 0 P - . -..u -
ih?cir h . _ Ry
and h
(h/c)y

e, = 1.0 (excess strength) )
hfc)yp
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in table 2 and figures 5(b), T(b), 9(b), and 11(b). Once the structure
of such a wing has been designed, the various aeroelastic effects con-
sidered herein should be checked by a more accurate method, such as that
of reference 1, and the loss of lateral control and the flutter character-
istics should be calculsated.

CORXCLUDING REMARKS

Charts have been presented for the estimation of aseroelastic effects
on the spanwise 1lift distribution, lift-curve slope, aserodynamic center,
and damping in roll of swept and unswept Wwings st subsonic and supersonic
speede. Two types of stiffness distributions have been considered, one
which consists of a variation of the stiffness with the fourth power of
the chord and is appropriate for solid wings, and one which is based on
an ldealized constent-stress structure and is believed to be more nearly
representative of actual structures.

The limitatione of these charts are that they do not apply to wings
with very low aspect ratlioc or very large angles of sweep, nor to wings
with large sources of concentrated aerodynamic forces. The charts are
likely to be less relisble for wings with zero taper ratic than for wings
with other taper ratios, and less reliable when the. component of the
Mach number perpendicular to the leadlng edge is transonic than when this
component is either subsonic or supersonic. Wings with large dilscon-
tinuities in the spanwise distribution of the bending or torsiocnal stiff-
nesses cannot be analyzed directly by use of the charts, but a means of
makling approximete calculstions for such wings has been preeented. Ro
charts have been presented for Inertia effects but a method of estimating
these effects has been oublined.

In addition to facilitating the calculation of various statlc aero-
elastlic phencmena, the charts serve to simplify deslgn procedure in many
Instances, because they can be used at the preliminary design stage to
estimate the amount of additional material requilred to stiffen a wing
which is strong enough and because they indicate that the best way of
distributing this additional material is to locate most of it near the

wing tip.

Also, the charts facilitate the achievement of seroisoclinic condi-
tilons, 1nasmuch as they serve to define a simple relation between the
elastic-axis location and the wing stiffness ratio which is required to
obtain this condition for & given plan form. Finally, the charts indicate
that & wing which is strong enocugh is most likely to be affected by aero-
elastic phenomens -if it is to operate at high dynamic pressures, if 1t
is thin, if it has a large angle of sweep, if it is designed for a low
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wing loading, 1f it has an elastic-axis location relatively far back on
the chord, and if it is to operate at transonic or_high supersonic Mach
numbers. o o . :

Langley Aeronautical Laboratory
Rational Advisory Committee for Aeronautics
Langley Field, Va., September 13, 1951

]

g
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APPENDIX A

METHODS OF CAICULATIONS ON WHICH CHARTS ARE BASED

The Aeroelastic Equations

The methods of calculating aeroelastic phenomens used in preparing
the charts of this paper are based on the followlng assumptions:

(1) Aerodynamic induction is taken into account by applying an
over-all correction to strip theory and, when matrix integrations are
used, by rounding off the resulting load distribution at the tip.

(2) Aerodynamic and elastic forces are based upon the assumptlon of
small deflections.

(3) The wing is clamped at the root perpendicular to a straight
elastic axis (see fig. 1), and all deformations are consldered to be
glven by the elementary theories of bending and torsion sbout the elastic
axis.

In keeping with assumptions (1) and (2), the force per unit width on
a wing'section perpendicular to the elastic axis 1s

gc

1 = 2= a_ + C o Al
1’-1-&-(61@ g I‘h.e B) ) (a1)
where ag and ag &are, respectively, the angle of attack due to
structural deformatione and the rigid-wing angle of attack, in planes
parallel to the plane of symmetry. (The geometrical angle of attack is

considered to be constant along the span in equation (Al); in the case
of linear twist the coefficient Clue ie used instead of Cluf) The

torque of this force about the elastic axis is 1le;c for uncambered
sectlons. :

The integral equations for the accumulated torque and the bending

moment are
B¢
T = f le_c ds - (A2)
s 1
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=ftft2dsds : | (A3)
8 Js

and, insofar as assumption (3) holds, the angles of structural twist and
bending referred to axes parallel or perpendiculer to the elastic axis
are - - v .

- 1 ' y
¢ = A &5 T ds (Al)
8 .
1
T =‘/; E—i-M ds - (A5)

The angle of attack due to structural deformations is rela’ted to @
end I' by the equation o T = .

=@ cos A -T s8in A (A6)

Combining equa:tions (A1) to (A6) gives two simultaneous differential
equations:

qe c2
<G ds> —T I“cx.g + Clue(q) cos A - I sin Ail (AT)
d2 ary_ - ' 8'
" (I '%DI[L&“S + CI%(CP cos A= T gin Aﬂ (A8)

These equations are subject to the followlng boundary conditions:

Zero twiset and bending at the root,

o(0) (A92)

[l
(@]

(Agp)

Il
o

(o)

R

4
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Zero torque, moment, and shear at the tip,

(GJ %9) =0 (A10e)
8 B=S.b :

(EI -——)s=st =0 | _ (_AlOb)

2
(EI d_g.> =0 (A10c)
de _ ‘
. S—S.t

In the following sections, equations (A7) and (A8) are solved
explicitly for an untapered wing with constant stiffness along its span
and by metrix integration for a wing with any arbitrary stiffness and
chord variation.

Solutions for Uniform Wings

Arbltrary geometric angle of attack.- If the torsional stiffness,
the bending stiffness, and the chord of the wing have constant
values (GJ)y, (EI}., end cp, respectively, along the wing span,

equations (A7) and (A8) become

Q" cos A = -_q*E‘- a, + (p cos A - T sin A) (A11)
K g _'
™ sin A = -3 [%. o + (pcos A- T sin Aj (A12)

where the differentiation denoted by the primes is with respect to
E=1 - -S% and the dimensionless parameters g¥ and § are defined by

,CIueqelcrgstacos A
g% = ' (A13)
14h(GT) .

Clueqcrs.b3sin A

i (A1k)
14L(ET),
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Differentiating equation (All) once with respect to & and combining B
it with equation (Al2) yilelds the single differential equation -

' _ 9 '
asrn_'_ q*msl - ‘g"ms = _q* -;—L + g —s- (Al5)

(The factor . % is used with Qg for the sake of.consistency, despite o "}::

the fact that a geometrical angle of attack which is constant over the
span does not have a spanwise derivative. ) Equation (A15) 1s subject to___“‘ _ -
the following boundary conditions: - - = =~ - 7 T e

From equations (A9a) and (A9Db)

ag(1) = 0 (A16)
From equations (Al0a) and (AI1CDb) -
ag'(0) = 0 (A27) -
From equations (AlOc) and (All) | )
0) ' N
ag"(0} = ;q*[?ﬁé__ + as(éﬂ (A18) .

where functionsl notation 1s used, so that,_ for inéfance, “s(l) means =
the value of ag at & = 1. ' L : T .

The solution of equation (Al5) can be effected very readily by means of  ~
of Laplace transforms. The complete solution of this equation is —
o

(1

ag(t) = EAS £2(e) - H() (a19)

where the integral’ H(E) 18 defined as

_ . aglty)
H(E) = f E*fu(g - &) - ar5(e - glﬂ—%—-— at, (420)
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The functions f3, fy, and f5 are defined by

-2 C
f3(§) = Cqe BE + e-Bg(Ca cos 7E + 73 sin 75) (A21a)
i o-2BE Bt 6 )
flt( E) =Cyue + e (05 cos 7€ + > sin 7¢ (A21b)
C
f5( E) = c.Te-EﬁE + eBE(CS cos 78 + —72 sin ‘7§) (A21c)

where -28 and B ¥ iy are the roots of r3 + g¥r - g =0 eand

c 4=
1 9ﬁ2 - 72
02 =.l - Cl
. c. =383 -8~
3 gp2 4+ 42
Cy, = =
Y- 72
C5 = -C),
cg = B+ 72
9p% + 72
1
Cy = -
T 982 1 2
) Cg = -c7
. o3



k2 | Lot E L NAGA TN 2608 )

The conditlon for divergence ls that oy be finite when o is

zero along the entire span. As can be seen from equa:tions (Al9) and (AEO),
divergenceé can occur only when . CnlTe

:E‘3(l) =0 ~ (a22)

Thus, for a particular value of the parameter k = -E_g the value of q¥ -
(or ) at divergence is the one which satisfies equation (A22). =

Constant geometric angle of attack.- For the addlitional-type angle
of attack, ct.g(g) = Constant:

N Y
cag(e) +ag  £3(8) Caew -
°g  £301) R L

For 1ift distributlons based on &ssumption (1) given at the beginning
of tb.is' appendix, the 1ift per unit width of span Tway then be written as

1 £a(8)
"23=fj3ﬁf e

The wing 1ift coefficient, the wing-root bending-moment coefficient,
and the wing-root twisting-moment—coefficlent are given in general by

I, -
CLw e - _ - - —i

1 _ . -

CLGL ge—r L %Ems( ) + Obg( §] ds (A25) | ]

e | | o

CB = qS-E)- Ce- _ Coe v ) — . e . -_——-—.-T-—g

"

ol

ch, _7_1' ‘57'_] L Eca (%) +a (5] ag 4t (A26)_ _
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2T
r
°r = By
84Cp 1 c\2
R (;) [caa(8) +ag(e)]at (a27)
Then, for the uniform wing,
fl a (g) *a,
f).;.(l) ) . (A28)
 £3(1)
3
cB jf ms(é) e Ea e
)
. £5(1)
-2 %m (a29) -
and . .
Or _ Ly
Crg cho

Linearly varying geometric angle of attack.- For the linear-twist-
type angle of attack, cng(E) = (1l - 8)a,,, the factor k i1is 1, and

B(E) = ag()) - [E5(8) - £y(8)] g, (430)
so that
L (8) + ag(®)
Zot o:gt
-f-‘ié—l-)y £5(8) - £y(8) (431)

The ratios of the wing 1ift, wing-root twisting moment, and wing-
root bending-moment coefficients to their rigid-wing values are ‘then,
on the basis of assumption (1),



L
Oy ;éjl ag(t) + ag(e)
CLWQ 0 G‘gt
(1)
= 2[:?— fh(l) - f5(1ﬂ
92_:”3\["‘]& ag(g) + ag( ) at de
B, “JoJo gy,
fh_(l) ’
STy 550 - g0+ e -
and
Cr _ CLy
CTO CLWO

as in the precedlng section.

Solution for Nonuniform Wings

NACA TN 2608 __._

(A32)

(A33)

Equation (A1) mey be written in the matrix notation of reference 1

as
{Z} = l—?a: CI‘tz.e ,_c-l{a,s + %g_}
and equations (A2) and (A3) as

@ = BtEI'] {Z‘elc}

- clueel.cr%t[l ] l_( ) ]{{“B} + %{a }]’

sg2[11Y] {1}
o Cry, o 2T Lc_'ﬂ{{ms} + %{mg}}

{1}

(A3k)

(A35)

(A36)
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where the matrix [i'] performs an integration of the running torque
teqc from the tip inboard, and the matrix [ilﬂ performs a double
integration of the runmning load from the tip inboard. These matrices
are derived and given in reference 1. They are based upon Simpson's
rule with a modification at the tip, where the load distribution is
agsumed to go to zero with an infinite slope at the tip.

Equations- (A4) and (A5), written in matrix notation, are

{e} = T:%r[I]" _(GG?r {z} - (a3)
(1} = (il | T oo &

where the matrix [I]" serves to integrate the accumulated torque or
bending moment outboard from the wing root. This integrating matrix is
based upon Simpson's rule without the tip modification and 1s given in
reference 1.

The substitution of equations (A35), (A36), (A37), and (A38) in the
matrix equivalent of equation (A6) yilelds

{og = q*[A]{{as} + %{ag}} (A39)

where the sercelastic matrix [A:l is defined by

] = [ﬂ"}li?rkﬂﬁﬂ ""LEﬂEH] ] (al0)

The parsmeters g* and § are defined by equations (A13) and (Alk),
respectively, and

LS

k

1]

4
q*

When ag is zero along the entire span, equation (A39) becomes

{og = q*[A] {os} (A1)
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Consequently, for a particular velue of k, +the value of g¥ at L
divergence can be found by the iteration of the aeroelastic matrix EA]

Equation (A39) mey be rearranged as follows: ' L

E_l—, - q*EA__‘]:' {rca,s +—cr.} {ag} (Al2)

The set of linear simulianeous equations represented by equation (AL2)
may then be solved for the total angle ofattack Koy + @ in terms of

the values of Oy along the aspan. _ __S _ o

The integrations in equations (A25), (A26), and (A27) may be per- ) s
formed with the first rows of the [I :[ and [jII] matrices. Thus _ .

CLw LI'_[ ll_-ésr-__Hnas + cxg}

e oo (ak3)

To o il -

Cqy ]_II'_J L—cgl{na +_g.} i

CBBO T "lL AU (akk) e

and . | N CL =
Co |_I_] kz_%‘ -I ch,s + Q‘g} ) —

o -

The aeroelastlc characteristics of uniform wings were calculated by _
both the direct method of the preceding section and the matrix method R —
given in this section. The values of the divergence parsmeter a¥p, cem o io

calculated by the direct method, were found to be about 5 percent greater
than the corresponding values calculated by the matrix method. This .
discrepancy can be shown to be almost entirely due to the rounding off T
of the loading of the wing tip in the gatrix method. The dlifferences N
a c
between corresponding values of C—L—s—,' ELL, -é—B'—, and oo are
g Inrg Bo To

negliglble. . . .. . . 0L o L Vi
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Combination of Results

The forms of the approximate formulas used in combining the results
of the many computations indicated in the analysis were obtalned by
considering a highly idealized semirigid wing; that is, a wing which is
rigid along its entire span but can bend and twist at the wing root
subject to the restraint of a bending and a torsion spring.

GdJ
If it is essumed that the two spring constants correspond to E—ggj:
(EI)
and r’ the value of g¥ at divergence is given by the simple
formila p :
K1 :
K = ——— } .
Tp = ToRE (ak€)

where the factors X; and Ky, depend on the taper ratio and the spanwise

variation of the stiffness. As shown Iin reference 2, this formula serves
ag a good approximstion to the calculated values of qxb.

For the semirigid wing, the ratio of ag to ag 1is found to be

9y - .
proportional to.-—EZ—D—. In order to adapt this expression to the

1 -9
9D
flexible wings considered in the present analysis, the following approximate

expression was found to provide satisfactory correlation:

. .
% - %lﬁ/i%_(f + F AF) o (ahT)
) |

where f and Af . are functions of the spanwise coordinate s% and the
wing-chord and stiffness variations; F is a function of the parameter k
and the wing-chord and stiffness variations. The functions £, Af,

end F ealso depend on the type of spanwlse variation of the geometrical
angle of attack, the subscripts 1 and 2 being used to differentiate
between the two types of interest. The accuracy of equation (ALT) is
i1llustrated in figures 16 and 17.

If equation (A25) is used for the wing 1ift coefficient (with &
replaced by s¥*) and equation (A4T) for the angle-of-attack distribution,
the wing 1ift coefficient may be expressed as
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CLW =¥V ? CLWO + Cwa . ) (A.)+8)
D

or

c 1 - i(.l -v)

g o=
CLW = "D _-__. . . (Ah’9) .
LWO 1 -2 T . L
iy i
where the parameter -
st ¢ . . .
l; E—-(f-i—FAf)ds*
T -
V= - : : o . (Aso) L
t o @ ==
f - g as*
0 r gy -

C ) . } -
go that v and T Bare functions of k and of the wing ~-chord and =
Lwo S

stiffness variations and depend on.the type of geometrical angle-of- L=
attack distribution as well. '

As indicated by equation (A4T7), within the approximation inherent
in that equation, the shape of the spanwise distribution of ag does
not vary with dynamlc pressure. Therefore, to a good approximation, the
lateral center of pressure of the 1ift due to og - (as well as that due

dynemlc pressure changes. The following approximate formula for the
wing-root bending-moment coefficilent may therefore be deduced from
equation (AL48): o . T

3
dp . . . C o

Cn = B.¥V ———C1.- + 5. %C (a51)
BT %" T g Iwo T e Twg -
9 ' . o
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where Eé* and Eé* are the dimensionless moment arms about the effec-

tive wing root of the lifts due to og and tg and are defined by

My

-8
T
5 LwgBt

and

Then,

= (a52)

where p 1s defined by

]
*

= - (A53)

|

o
1.2)

c

so that E§L is a function of the parameter k, of the taper ratlo,
0

and of the stiffness distributions; it also depends on the type of

geometrical angle-of-attack distribution.

An approximate formuls for the wing-root twisting-moment coefficient
may be deduced from equation (A48) as follows:

(A5k)
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where &, and € are the effective dimensionléss moment arms sbout
S . . g . : . - . . -
the elastic axis of the 1lifts due to ag and g ‘and are defined by
5 -
s I - -
S 3 LygCr
and ' . Sl
T.
-é'l = T 5__ - - -
g = c
5 gt
Then
CT 1l —qJ;J—(l - VT) o o
o — (A55)
To 1 -4
%
where . L - U L
El -
TEET L (A56)
1
g . .
Co :
50 that ror is a function of—k, the taper ratio, and the stiffness
To 2 L ]

distributions and also defen&s_dn the type of geometrical aungle-of=attack
distribution. N ' . J L L : .

The values of Vv, M, and T are given for the two types of
geometrical angle-of-attack dilstributions in figures 9 and 11.

Figure 18 shows the-approximate formulas-(A49), (A52), and (A55) to
be in good agreement with more accurately computed values.

The foregoing approximate formulas for the structural angle of attack
and for the 1ift, bending-moment, and twisting-moment coefficients are not
applicable to wings with zero teper ratio. An attempt was made to combine
and systematize the results calculated for such wings in the manner
employed for wings with other taper ratios, but the. approximate formlas
obtained in this way were found to yield unrelisble results. Consequently
they are not presented in this paper; instead, the results calculated for
the wings with zero taper ratio are presented directly in figures 6, 8,
10, and 12. Y€ Biehal s T EERY HLEChLT 2

- i

S
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APPENDIX B

STIFFNESS DISTRIBUTION OF CONSTANT-STRESS WINGS

Outline of Constant-Stress .Concept

In order to cdlculate aeroelastlc effects, the bending and torsional
stiffnesses of the wing structure, EI and GJ, have to be known.
These stiffnesses enter the calculations in two ways. The root stiff-
nesses, as indices of the over-all bending and torsional stiffnesses,
congtitute primary parameters which are required for use of the charts
of this paper, but were not required in the preparation of the charts.
On the other hand, the stiffness distributions, that is, the ratios of
the local stiffnesses along the span to the root ‘stiffnesses, are
secondary parameters which are not required for use of the charts but
d1d have to be assumed in order to prepare them. '

In calculations preliminary to the actual design of the structure,
the bending and torsional stiffnesses of the structure are not known;
they must be estimasted on the basis of either past experience or considera-
tlions of an ideaslized structure. For the purpose of estimating stiffness
distributions, past experience with similar structures is likely to be a
useful guide in any specific case but does not lend itself to generaliza-
tion and hence to the preparation of generally applicable charts. The
stiffness distributions (other than those which vary as the fourth power
of the chord) used to prepare the charts of this paper have been obtailned
from considerations of an idealized structure, as outlined in this appendix.

Basically, the method of this appendix consists in an effort to relate
the stiffness of a wing to its strength and to estimate that strength on
the basis of certain assumptions. The fundamental assumptions are that
the bending and torsional stresses are constant along the spasn and that
the applied loading is proportional to the local chord. The other assump-
tilons concern the bending and torsional stresses caused by this load and
their relation to their allowsble values. In estimating these stresses
the structure is assumed to be of the thin-skin, stringer-reinforced shell
type. Certain effectiveness factors are used; for instance, the ratio of
the allowable torsional stress to the allowasble bending stress, or the
ratio of the cross-sectional area of the effective torsion cell %o the
product of the chord and the wing thickness. The root stiffnesses
estimated by the method of this appendix depend directly on the values of
these ratios. The stiffness distributions, on the other hand, are largely
independent of these ratios but imply the assumption that the ratios are
approximately constant along the span. Consequently, the constant-stress
concept used .in this appendix is more likely to furnish useful results
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for stiffness distributions than for the root stiffnesses, and, because
of the type of structure assumed, the concept is not applicable to wvery
thin wings.

Assumed Applied ILoads

If the applied normal load is distributed in a manner proportional
to the chord, that is, if

1 = Kc ' ' (B1)

the bending moment at any point on the span can’ be . obtained by integrating

the. chord distributlon as follows:

M=K f f cds* ds*
cos A %
/=3

where sg¥ 18 the dimensloniess distance along the reference axis
measured from the effective root. Similarly, the total normal load on
one wing is given by - :

-.b_..z._. c ds¥

cos A _

If the wing is linearly tapered, so that

c=cp[l-(1-Ms¥ (B2)
where the taper retio A 1is defined by o

c
3 = -5
Cr
then the ratio of the bending moment at any point of the span to the
product of the total normal lodd and the wing semispan less one-half of

the fuselage wildth can be expressed as follows:

fg< s¥,%) (B3)
o b { _

cos A
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where the function f6 of s¥ and A 1s defined by

%(% + 2 i ; ; s*)(l - g%)2 (BY)

Te T+ A

and shown in figure 19.

Similarly, if the moment arm of the normal load spplied to the wing
at any station is also proportional to the chord, the constant of propor-
tionality being ey the distributed torque at any station is then ech,

and the accumulated torgque is

, _
T = K bi/2_ c2ag* (B5)

cos A %

which mey, in turn, be expressed as

ef%P = £o(s%,2) (B6)

where the function f7 of s¥ and A 1s defined by

L | ,
f7_%1+x+; _m+xﬂléws*+ﬁ;i%s#(l-#) (BT)
(1 + ) (1 + 1) (1 +2)

and the average chord T 1s defined by

(o4 +Ct

2

I

(B8)

c =

The function f7 is also shown in figure 20.
The total normal load on ore wing, P, can be estimated from the

design gross weight and the design load factor of the airplane in the
followlng manner: )

P = %(LW - D.W‘) (39)
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If the fraction of the wing 1ift to the total 1ift carried by the airpleme %
(including that of the fuselage and tail) is desigmated by M1, 80O that e

Lrotal : - R

and the fraction of the wing weight (including the amount of fuel, ;;_
external stores, and so on used in the critical design condition) to the i

total deslgn gross weight is designated by 1o, i "‘*f
W

= _W . .

M2 =+ :

Wi o

then equation (B9) may be written as

g o (B10)

where

My=mg-g L
With the value of P given by equation (B1O), equations (B3) and (BE)

serve to express the local bending and torsional moments in terms of : .k
known design parameters. Lz

Effective Skin Thickness Regquired to
Resgist Applled Loads- e ot R

The wing structure has to resist both the applied bending moments
and the applied torgues; in other words, the load-cdrrying members must
resist combined axial and shear stressges. -A relatlion oommonly used in
the design of wing structures loaded by compressive and shear stresses
due to bending and torsion moments is

= + |= =1 — : : c : C —EE
¥ \F -
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where is the applied bending stress, £ +the applied shear stress, -
FB the allowable (compressive) bending stress, and Fp the allowable

shear stress. However, a somewhat comservative relation,

£ f -
%+F—’°=1 (B11)
B T

is much more convenient for the present purpose and, consequently, is
used as the basls of the followling development. If the margin of safety
is not zero, equation (Bll) can be rewritten as

R (B12)

where ), 1s an effectiveness factor which can be expressed in terms of

the margin of safety (M.S.) as

1

W< TS, : (B13)
The applled bending stress is
Mz _
fb =T _ (B1k)

where z is the maximum ordinate on the compression side measured from
and normael to the chordwise principal axis. Similariy, the applied shear
stress is : .

£y = -2% . (315)

where A 18 the cross-sectional area of the (assumed) single torsion cell,

and t 1s the skin thickness on the compression side. Substitution of
equations (Bll) and (B15) into equation (Bl2) yields

Fp
Mz T I
2z e = 6
IE‘B<1 M Fr 2.Atz> R C (816)



56 o . -. S NACA TN 2608 . ..Z

In order to relate the bending and torsion stiffness of the wing to
the skin thickness 't or to &n eguivalent thickness te which includes
the material in the stringers and spar flanges, ‘the bending stress is:
assumed to be carried by a box covered with sheet of—an effective thick- . _
ness t e’ the webs are assumed to carry no bending stress, and the . e

torsion ptress is assumed to be resisted by en equivalent single cell, o
the two webs ofwhich contain all the material of the actual webs. The

torsion and bending moments of inertia may then be written as CoiR=
—D —=
J=44% - =
b
2 . — o LTI
ngn - : j ’ -
P ch?s_ ' (B17) |
ﬂ8ﬂ9 S ' T
and : © | N

=7 Co(h\2. 2 ".2—2
T =130%% ["52<'2‘) M T Tl12"13 Mk ( )‘}

“15%%)2%' s g i_

where the effectiveness factors 15 to ni5 are. défined in table 1. . i
In the factor n9, ‘the effective perimeter . of ‘the torsion cell is
the sum of the lengths of skin around the perimeter, each weighted by the

ratio of the thickness of the critically stressed element to the thickness
of the given length of skin.

When the value of I given by equation (B18) is substituted into =
equation (B1l6), equation (B1l6) may be written as : -

. h"-2
7 F n
te= i 1. 1B 155\ (§> (819)
2 M F.
7 h r  2hzng
Bn4n150(§) _ - oz

By meking use of eguations (B3), (B5), and (B1lO), as well as the effective-

ness factors fig to. myg defined in table 1, equation (B19) can be s
written as )
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b, =305 oW _bpt/2 76 (l »l9% 1) (B20)
€ myny5 FB c2cos A B/C Ay Tg

The factor fg 1s defined in terms of the factors fg and f7 given
by equations (BY4) and (BT) as -

R N

f8 =

o] Do

(B21)

The function f8 is shown 1n figure 21.

Bending and Torsional Stiffnesses

Substitution of the value of t, given by equation (B20) into
equation (B18) yields an expression for the bending moment of inertia I
or for the bending stiffness EI at any point along the span. The value
of this stiffness at any point on the span may be divided by the stiff-
ness (EI), at the wing root. This ratio can then be expressed as

e
- B/e_ fg(s*,)»,n—m l) (B22)

where

(B23)

The function .f is plotted in figure 22. The value__(EI)r mey be
obtained from equations (B18) and (B20) as
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_ E oW 4, 8fh 119%1

(ED), =n20 & § ¢ AA.(E)QFr(X’ Ay (B2k)
where
p = (LM b £+ 1971 (B25)
r TR g\ 8y Ap 7
T

ey g eemeemeo el ' - n19el
The. function F,, "is shown in figure 3 as a function of A, with —_KK_

as ‘the parameter.

Similarly the torsional stiffness GJ may be cbtained by Bubstituting

the value of t, given by equation (B20) into equation (B1l7). However,
from eguations ?BlT) and (B18) the ratia of the torsional stiffness to’
the bending stiffness may be obtained in the form

2
oI g G feN7 .~ .- (B26)
EL. "E ngnigMis

This equation shows that the ratio GJ/EI_ is constant along the span
within the framework of the constant-stress concept Equation (B26) may,
therefore, be interpreted as an expreséion for the value” GJ/EI at the
wing root, that . is, for the value (GJ)y/(EI),. The torsional stiffness
&t any other point on the. span tan. then be obtained from equation (322),
since

GJ BT

(5 I i (B27)

because GJ/EI 1is constant over the span.

The stiffness ratios GJ/(GJ), and EI/(EI),. can be obtained
directly from figure 22 when the thickness ratioc h/c of the wing 1s
congstant along the span; 1f the thickness ratio is not constant the
factor fg obtained from figure 22 must be multiplied by the ratio ~

hhc§ at any station to obtain the‘stiffnesé*ratic af that station.
r o — A .
As mey be seen from figure'EE, the function f9: does ‘not vary much with

'AA

the parameter , this parameter represents the additional amount of

i

YR
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skin thickness required to carry the torque (see equations (B19)
and (B20)), and this additional thickness is small for most conventional

M- ~&
wing structures. Consequently, an average .value of —%g—i = 0.03 was
B - - .A.

used to obtain the stiffness distributions used in the aeroelastic
calculations on which the charts of this paper are based.

~ Equation (B22) shows that, once a value has been assumed for the
e : .
nlel, the stiffness ratios EI/(EI), and GJ/(GF)r are inde-
pendent of the .effectiveness factors used in this analysis. Therefore,
speclific values of these parameters need not be known in .order to estimate
the stiffness distributions, but one of the assumptions on which egqua-
tion (B22) is based is that whatever values the effectiveness factors
have are nearly constant along the span. In order to estimste the wvalue
of (EI)y, however, these factors must be known, since they enter
directly into equation (B24). The estimate of (EI), obtained in this
manner is, therefore, subJect to all the limitations Imposed by the
approximations of the constant-stress concept. Hence, some judgement
must be exercised In using this estimate, and, if possible, it should be
modified in the light of experience. '

term

Structural Weight Associated with the Stiffness Distribution-

The increase 1n structural weight associated with a given increase
in stiffness can be estimated on the basis of assumptions similar to
those made in relating the stiffness &nd the strength. For the purpose
of this analysis the varlous components of the wing structure, exclusive
of the carry-through structure within the fuselage, are classified in
two groups, one which contains the elements that take the bending and
torsional loads due to the assumed loading and one which contains all
other components. In the first group are:

(1) The amount of top end bottom skin that is used in the estimation
of the thicknesses required to withstand the bending and torsional loads,
including stringers and spar flanges included in the egquivalent skin

(2) Webs, including any web stiffeners

In the second group are:

(1) Skin, stiffeners, false spars, and so on, which are not con-
sidered in the estimation of the equivalent thicknesses

(2) Ribs, bulkheads, and posts designed to raise the buckling
strength of the cover sheets
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(3) Comtrol surfaces and their supports, attachments, and actuating
mechanisms '

(4) The supports of internal stores

This analysis is concerned only with the first group and, more
specifically, with the relative increase in the weight of this group B
occasioned by an increase in stiffness of the mein structure. Meana of =
estimating the actual magnitude of the weights involved and of zstimating - -
the weights of the items in the second group &s well are given in refer- .
ences 7 and 8.

The weight per unit length of the structural elements of the first
group can be wriltten as

Wg = 2gNp17gCty - i (B28)

where 75 18 the’ density of the material of the primary structure (or
an equivalent density in the case of sandwich construction), Moy 1s
the ratio ofLan equivelent perimeter p to the actual perimeter of the . = =
cell, and P 18 the sum of all the lengths ‘which camstitute the perimeter,

each multiplied by the ratio of its equivalent thickness to the equivalent
thickness +to of-the upper cover sheet. .

In view of the assumption made concéfniﬁg-thé_é;mbination of bending
and torsional stresses, the thickness to required in equation (B28) can
be obtained from equation (B18) as T

|~

nl5Chf
80 that -
g, J8M21 I e
Vg = B 2
711511
or i

Ve YTy

Va,, - (h/hr)e (B29) A S
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Consequently, the total weight (for both wings) .of the structural elements .
of the first group can be estimated from the relation

. I/1 ' '
__Ws/2 l? Y ds* (B30)
w, p'/2 (b/by)2
T cos A . :

Equation (B30) serves to estimate relative changes in the welght of
the first group of structural elements. For instance, with a given
distribution of I and h, that welght is directly proportionsl to
and inversely proportional to hr2' Similarly, given two different

distributions of I, and h, with the same values at the root, the
ratio of the weights is equal to the ratio of the two values obtained by
using the respective distributions of I and h in the integral of
equation (B30). .

Although the actual value of Wy 1is not relevant to this discussionm,
it may be estimated by substitutling the previously calculeted stiffness
distributions into equation (B30), and the result is given here as &
matter of general interest: _ .

N3N5n8Ne1 7 '/
Wy =2 2i2002 T8 W, b2 g (B31)

MyysTg 3 B cos A
C
r

where' . -
32 111
(1 + 1) (n/by) '

According to equation (B3l), the structural weight is directly
proportional to the design gross welght, load factor, swept-span aspect
ratio, span, and density of the mesterial of the primary structure and
inversely proportional to the eslloweble stress and the wing thickness
ratio. The dependence of the weight on the taper ratio (all other param-
eters, notably the aspect ratlo and span, are.the seme) is illustrated in
figure 14 by a plot of the function ¥, ageinst taper ratio for several

1971
Y

ratios at the tip and at the root.

values of the parameter . and of the ratio of the wing thickness
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TEFINITIONS OF THE FACIORS 1) TO npy

M- M2

- 1
1 + Margin of safety

Ordinate of most highly stressed element
Ona-half of wing thickness

Actual skin thickmess of most highly stressed element
Equivalent skin thickness of most highly stressed element

Crosa-gectlional area of torsion cell
Chord X Wing thickness

Perimeter of torsion cell
Twice the chord

Effective perimeter P of torsion cell
Actual perimeter of toralcn cell

Width of equivalent shaet
Chord, .

Average ordinate of upper skin
Maximm ordinate of upper skin

Qo9z NI VOVN

- Equivalent thickmess of lower askin

N2 Equivelent thickness of upper skin

Maximm opdinate of Jower skip

. l1'|13 =
One-half of wilng thlckness

Nk = Average ordjnate of lower skin
1%~ Maximm ordinate of lower skin

R Mo (57332 + "123132"11;2)

Allowable torslon stress

g ™
Alloweble bending stress

-
1T 8 cos A

| ;‘18 " “17(3_')2

foy = Equivalent perimeter P of torsion cell
21 Actual perimeter of torslon cell

=,




VALUES OF THE COEFFICIENIS K; AND K,

19

Ky Ko
GJ =pd BT (h/c)t By gnalytic ! , By.analytic
(n/c), f{emﬂgfgn integration | iﬁ{emat:;‘n integration
“ negr (reference 2) veerd (reference 2)
1.0 2.58 2.47 0.381 0.390
Jarv as ok 1.0 2.83 2.7h 480 497
ary 1.0 2.92 2.81 .590 .61k
1.0 1.4 2.25 I <7~ I [ ——
1.0 . T95 e 252 | eemn-
(dven bv congtant- l'p l'?? wTT ':.3?7 -----
stress criterion 1.0 1.5.0 R
stres 1.0 |} 1.Wo —— 626 | e
5 .928 ——— 310 | ,em--
Incressed beyond values “
[ mnrrileand e Asmead ol 1N 1 AN anid
./ J.U\;“U-L.LCU. LUy uwvuouvalvs e Lo [V - - _J:’U —————
atress criterion .
-
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TABLE 3.- PARAMETERS OF WING USED IN ILLUSTRATIVE EXAMPIE
Geometrical perameters Structurel parameters
€ ¢ . s e a ot e s e a e s e e e s 0.
Ao i e e e e e e e e e e e 4 (67)p; Ibfegin. . . . . . .. 8.9k x 105
By GBE v v v v o v e e e e e e 37.5 (EI)yy 1b/sq fn. . . o « . . . 9.56 x 109
8,810, ¢« . . i v 4 e e e e s 37,498 GI/(GT) e ¢ e e e e e e e ~ (c/cr)h
by, In. . . ¢ ¢ . o o i e s 0. .. 387. EI/(EI)I. .......... ~ (C/C )
W2 M. 4 e e e le e e e 20.0 As®, in T
BT/2, In. v 0w w e e e e e i 173.7 Pl STt 6
L - 102.8 g :ii-n' """"""" '5'0
L 5,2 ot r s n s -3.
7 S 0.527 =B/2 g}, dm. .. .. .. 215.
eMacs M. . . .o oo s i 100.4 5t ( cos A ’ 29

Aerodyna.m_ic parameters .

Subsonic Supersonic
(M < 0.65) (¥ = 1.5)
- Y 0.25 0.Lh25
€] ¢ ot b e e e e 0.194 0.019
CLue ............ 2.78 k.92
K + o o o o o o o o o s o 0.78 '1.00
Aerocelastic parameters
Subsonic Supersonic
(M <0:65) (M = 1.5)
B o vt e e s e e e e e T.76 T9.0
K o v o v v v v i s 2.82 2.82
Ko o« v v v v e v v e e . 0.h7h 0.hT7h
P -1.053 -0.07Th
9p; b/ ££ . . . . . ... -6400 -2700
Pl o vt e e e e e . Fig. 5(c) . Fig. 5(c)
Afy Lo L Lo e Fig. 5(c) . Fig. 5(c)
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Figure 19.~ The bending-moment function fg,
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Figure 20.- The twisting-moment function f7.
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Figure 21.- The moment-ratio function fg.
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Figure 22.- The stiffness—-distribution function Tg.
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